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Abstract: The supergravity dual of superconformal anomaly in a four-dimensional super- 
symmetric gauge theory is investigated. We consider a well-established dual correspondence 
between the N = 1 SU (N + M) x SU(N) supersymmetric gauge theory with two flavors 
^ . of matter fields in the bifundamental representation of gauge group and type IIB super- 

string in the space-time background furnished by the Klebanov-Strassler (K-S) solution, o 



o 
o 



The D-brane configuration for these two dual theories consists of N D3 branes and M 
fractional D3 branes in the singular space-time composed of a direct product of M 4 and 
a six-dimensional conifold Cq with the base T ' . The superconformal anomaly originates 
from fractional branes frozen at the apex of Cq. While on the gravity side, the fractional 
branes deform the AdS§ xT 1 ' space-time background and partially break local supersym- 
metry of type IIB supergravity. We choose the K-S solution as the vacuum configuration 
for type IIB supergravity and observe the five-dimensional gauged supergravity produced 
from the spontaneous compactification on the deformed T 1,1 . Consequently, we find that 
the deformation on AdS§ x T ' leads to the spontaneous breaking of supersymmetry in 
gauged A0IS5 supergravity and a super-Higgs mechanism arises. The graviton multiplet 
dual to the superconformal current of supersymmetric gauge theory becomes massive with 
the Goldstone multiplet relevant to the fluxes carried by fractional branes. We thus con- 
clude that the super-Higgs mechanism in gauged supergravity is dual to the superconformal 
anomaly of supersymmetric gauge theory in terms of gauge/gravity correspondence. 
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1. Introduction 

The AdS/CFT correspondence and its generalization, gauge/gravity duality, describe a 
physical equivalence between a supersymmetric gauge theory and a gravitational system 
|1 1|, ||, |Q. This amazing correspondence originates from open/closed string duality bridged 
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by D-brane, a solitonic object in string theory. A D-bane has two distinct features |J: on 
one hand, in weakly coupled type-II superstring theory, it behaves as a dynamical and 
geometrical object with open strings ending on it. Thus a stack of coincided L>p-branes at 
low-energy will yield a p+l-dimensional supersymmetric gauge theory on the world- volume 
of Dp-branes. In principle, one can use various D-branes and NS solitonic branes as well 
as other geometric objects like orientifold planes to build any possible brane configurations 
and construct a anticipated gauge theory 0, On the other hand, a Dp-br&ne carries R-R 
charge and couples with p + 1-rank antisymmetric field obtained from the R-R boundary 
condition in closed string theory. So it provides a source to the low-energy effective theory 
of strongly coupled type-II superstring theory — type-II supergravity. Therefore, a stack 
of Dp-branes can modify space-time background of string theory and emerge as a p-brane 
solution to type-II supergravity ^ |9|. This is the essence for gauge/gravity duality. 

A physical phenomenon in one theory should have a physically equivalent description 
in the dual theory in terms of gauge/gravity duality. The quantum anomaly, a violation of 
classical symmetry by quantum correction, is a typical quantum phenomenon in field theory. 
The investigation on the dual description of anomaly can reveal some important features 
in gauge/gravity duality. Not long time ago, Klebanov, Ouyang and Witten investigated 
the gravity dual of U(1)r -R-symmetry anomaly of N = 1 cascading SU(N + M) x SU(N) 
gauge theory in terms of its dual theory — type IIB supergravity in the background 



furnished by K-S solution [11]. The K-S solution is non-singular and originates from the 
brane configuration consisting of N bulk D3-branes and M fractional D3-branes fixed at 
the apex of conifold C% in the target space-time M4 x C 6 |l2|| . If the fractional branes 
are absent in the brane configuration, the resultant space-time background is three-brane 
solution with near-horizon limit AdS§ x T 1 ' . The spontaneous compactification on T ' 
of type IIB supergravity yields ftf = 2 U(l) gauged AdS$ supergravity. The UV limit of 
K-S solution can be considered a deformed AdS$ x T 1,1 . Klebanov et al showed that the 
U(1)r anomaly of M=l SU(N + M) x SU(N) supersymmetric gauge theory is dual to a 
spontaneous breaking of £7(1) gauge symmetry in gauged AdS$ supergravity [^, [l4j] and 
the consequent Higgs mechanism. 

However, in a classical scale invariant M = 1 supersymmetric gauge theory, the chiral 
i?-symmetry current j^, the supersymmetry current and energy- momentum tensor 9^, 



(j ti ,s t± ,6 tl1 '), constitute a current supermultiplet [jig, [L6|]. At quantum level the scale symme- 
try, chiral i?-symmetry and conformal supersymmetry in an N < 4 supersymmetric gauge 
theory become anomalous due to the non- vanishing beta function of the theory. The diver- 
gence duj^ of chiral i?-symmetry current j^, the 7-trace 7^s^ of supersymmetry current 
s M and the trace 6^ of energy-momentum tensor 9^ v also constitute an anomaly supermul- 
tiplet with respect to the Poincare supersymmetry [17|. Therefore, one may ask what the 
dual of the whole superconformal anomaly is. A natural guess is that it should correspond 
to the spontaneous breaking of local supersymmetry and the consequent super-Higgs mech- 
anism in gauged AdS§ supergravity. The aim of this paper is to show quantitatively how 
this dual description to the superconformal anomaly indeed stands there. 

In Sect. |, we first use the M = 1 supersymmetric Yang-Mills theory to illustrate the 
superconformal current and its anomaly supermultiplet. To observe the origin of the su- 



perconformal anomaly in the brane configuration, we show how superconformal anomaly 
is reflected in the local part of gauge invariant quantum effective action. Further, we intro- 
duce the M = 1 SU (N + M) x SU(N) supersymmetric gauge theory with two chiral matter 
superfields B{ (i = 1,2) in the bifundamental representation of gauge group and its 
superconformal anomaly. Sect. |3] displays the origin of superconformal anomaly in D-brane 
configuration. We review the .D3/fractional D3 brane system in the singular space-time 
M x Cq. This brane configuration leads to J\f = 1 SU(N + M) x SU(N) supersymmetric 
gauge theory. By expanding the Dirac-Born-Infeld (DBI) action and Wess-Zumino (WZ) 
term for a D-brane configuration and comparing with the quantum effective action of the 
supersymmetric gauge theory, we demonstrate that the superconformal anomaly originates 
from the fractional brane locating in the singularity of background space-time. We further 
introduce the K-S solution and its UV limit for later use. In Sect.f|, we analyze the mani- 
festation of various symmetries on K-S solution. By comparing with three-brane solution 
without fractional branes, we show how the presence of fractional branes breaks some of 
local symmetries. We emphasize that it is the NS-NS and R-R two-form fields relevant 
to fractional branes that break U(l) rotation- and scale transformation invariance in the 
transverse space of the above D-brane configuration. These two geometrical symmetries in 
the brane configuration are the global U(1)r- and scale symmetry of the supersymmetric 
gauge theory living on the world-volume of D3-branes. Further, the Killing spinor equa- 
tion in the K-S solution background tells how half of supersymmetries disappear due to the 
modification on AdS$ x T 1 ' 1 by fractional branes. In Sect.|| we choose the K-S solution as 
a vacuum configuration for type IIB supergravity and observe the dynamical phenomenon. 
The spontaneous compactification on the deformed T > occurs and a five-dimensional 
gauged supergravity arises. In contrast to the case in the AdS$ x T ,x background, which 
gives the J\f = 2 U(l) gauged AdS$ supergravity coupled with SU(2) x SU{2) Yang-Mills 
vector multiplets as well as some Betti scalar, vector and tensor multiplets, we find that the 
local supersymmetry, diffeomorphism symmetry and U(l) gauge symmetry partially break 
in the gauged AdS§ supergravity since the deformed AdS*, x T 1 ' possesses less isometric 
symmetries and preserves less supersymmetries. We then go to reveal the super-Higgs 
mechanism corresponding to the spontaneous breaking of the above local symmetries. We 
exhibit the process how the graviton, U(l) gauge field and gravitino in AdS§ space be- 
come massive through "eating" a Goldstone supermutiplet originating from the NS-NS- 
and R-R fluxes carried by fractional branes. Since the deformation on AdS§ x T 1 ' is pro- 
duced by fractional branes in the brane configuration and meanwhile they are the origin 
for superconformal anomaly on the field theory side, we thus claim that the gravity dual 
of superconformal anomaly is the spontaneous breaking of local supersymmetry and the 
consequent super-Higgs effect in gauged AdS$ supergravity. Sect.|| is a brief summary. 

2. Superconformal anomaly multiplet of M = 1 four-dimensional super- 
symmetric gauge theory 

2.1 M = 1 supersymmetric SU(N) Yang-Mills theory as an illustration 

In a an J\f = 1 supersymmetric field theory, the Poincare supersymmetry combines the 



energy-momentum tensor 9^ u , the supersymmetry current and the axial vector (or 
equivalently chiral) R-symmetry current ^ into a supercurrent multiplet. If a field model 
has scale symmetry, these currents are not only conserved at classical level, 

d^ v = V = d^f = 0, (2.1) 

but also satisfy algebraic relations, 9^ = 7^s M = 0. Consequently, three more conserved 
currents can be constructed, 



dt 1 — Xi/0 ^, kfiij — *2xi,x^ *9 x O^i/^ — ix 



i-i- 



(2.2) 



The charges D, Ka and S a of these three new currents are the generators for dilatation, 
special conformal symmetry- and conformal supersymmetry transformations. They consti- 
tute an J\f = 1 superconformal algebra SU(2, 2|1) together with Lorentz generators M^ u , 
translation generator and supercharge Q a . Consequently, the Poincare supersymmetry 
promotes to a larger superconformal symmetry. 

However, the superconformal symmetry becomes anomalous at quantum level. For 
an M < 4 supersymmetric gauge theory, due to the renormalization effect, an energy 
scale is be generated dynamically. Consequently, the scale anomaly and the subsequent 
superconformal anomaly multiplet required by the Poincare supersymmetry must arise. In 
the case that all of them, the trace 6^ of energy-momentum tensor 9u V , the 7-trace 7^5^ of 
supersymmetry current and the divergence d^j^ of the chiral i?-symmetry current ja, get 
contribution from quantum correction, (d^j^, 7^5^, 9^) will form a chiral supermultiplet 
with d^j^ playing the role of the lowest component of a chiral superfield Jl5| , |I~6| ] . 

In the following we take jV = 1 supersymmetric SU(N) Yang-Mills theory as an 
illustrating example. Its field content consists of a vector field A„, a Majorana spinor A 
and an auxiliary field D in the adjoint representation of SU(N). The classical action of 
the theory is 



S 



d 4 x 



(2.3) 



The superconformal anomaly multiplet at quantum level is [17] 



7% 



9t 



Ag) 
9 

9 

Ag) 
9 



a^G% + l5 D a ) A a , 



(2.4) 
1 SU(N) 



In above equation, /3(g) is the /3-function for the gauge coupling of the N 
super- Yang-Mills theory. At one-loop order, (3(g) = — 3iVg 3 /(167r 2 ). 

Eq. ( |2.4[) shows that the anomaly coefficients are proportional to the beta function of 
M = 1 supersymmetric Yang-Mills theory jlT], 15 , [ll| . This is a universal feature for any 
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J\f < 4 supersymmetric field theory. The origins of scale anomaly 8^ and chiral anomaly 
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duj 1 * are the same as in usual gauge field theories: the UV divergence in perturbation 
theory requires a renormalization procedure to make the theory well defined in which an 
energy scale parameter must be introduced, hence the scale anomaly arises. The origin 
of chiral Ur(1) anomaly is similar to that of the axial Ua(^-) anomaly in QCD. It comes 
from the contradiction of Ur(1) symmetry with the global vector £7(1) rotational symmetry 
among gauginoes at quantum level. The Ur(1) symmetry thus becomes anomalous when 
the vector U(l) symmetry is required to stand. The outcome of the 7-trace anomaly lies 
in the incompatibility between the conservation and the vanishing 7-trace of supersym- 
metry current at quantum level Usually, from the physical consideration that the 
supersymmetry current should be conserved, the 7-trace anomaly thus takes place. 

The super confer mal anomaly manifest itself in the quantum effective action of the 
theory. We first re-scale the fields (A^,X,D) — » (A^/g, X/g, D/g) and consider the strong 
CP violation term. Then the classical action of N = 1 supersymmetric SU{N) Yang-Mills 
theory can be re-written as 



S'd = -9 

g 2 



1 



1 



1 



a\2 



-G;G^ + -iAY(V,A)° + -p a ) 



+ 



0(CP) 

32^ 



d A xGl u G^ a .(2.5) 



The local part of the gauge invariant quantum effective action takes the form, 



"eflf = -5- / d 4 x 

9eS 



--G%G^ a + -i\ a ^(V,\) a + -(D a ) 



(2.6) 



where all the fields are renormalized quantities. The scale- and chiral anomalies are reflected 
in the running of gauge coupling and the shift of 0-angle due to the non-vanishing (3(g) 



1 3iV g 3N q 
+ t—^ In — = ^— K in ■ 



9 2 eS (Q 2 ) 9 2 (q 2 ) 8vr2 q 8^ A' 
0(CP) = 0(CP) + 3iV . 



(2.7) 



To recognize the 7-trace anomaly of supersymmetry current in the quantum effective 
action, we must resort to its superfield form. First, the superfield form of the classical 
Lagrangian (p.5Q is 



£ = — [ d 2 9Im [tTt (W a W a )] + h.c. 

327T J 



In above equation, W a is the field strength of superspace gauge connection and in the 



Wess-Zumino gauge, W a = X a 



(a^) ap e^F^ + i6 a D- 



id 2 (a 11 ) ■ VA . The parameter 



r is a complex combination of gauge coupling and #-angle, 



0(CP) 4n 

+ i—FT- 



2n 



r 



(2.9) 



To show how the conformal supersymmetry anomaly 7 M s^ is reflected in the quantum 
effective action, we define that r is the lowest component of a certain constant chiral 
superfield, E = r + 9\ + 9 2 d. Further, we require that classically Xci = d c i = and assume 
only at quantum level x an d d get non- vanishing expectation values, 

S eff = t cS + 9 Xe s + 2 d eS , (2.10) 

where 9^ F \ g 2 s and hence r e fj are given in In the Wess-Zumino gauge, the variation 

of the local quantum effective action in superspace produced from the shift of E e g- reads, 

5T eS = ^ J d 2 9Im[5Z cS Tr(W a W a )]+h.c. 

= ^Jd 2 9lm{ (5t cS + 95 Xc s + 2 5d cS ) [XX + 19 (2XD + a^XG^) 

+ h.c. (2.11) 



12 1 -^G^CT + % -G^G^ - 2iXa»V fl X - D 2 



A comparison between Eq. (2.11) and the superconformal anomaly equation Q2,4| ) reveals 
that the 7-trace anomaly of supersymmetry current is reflected in the shift of the fermionic 
parameter Xi which is exactly like the trace- and chiral anomalies are represented by the 
running of the gauge couplings and the shift of 0-angle. Note that this is not the whole 
advantage of promoting r parameter to a chiral superfield. Later we shall later that from 
the viewpoint of brane dynamics, the running of gauge coupling and the shift of 9 angle 
originate from fractional branes locating at the space-time singularity and further can get 
down to the Goldstone fields. Therefore, introducing an artificial superpartner for the 
gauge coupling and #-angle is helpful for identifying the Goldstone supermultiplet for the 
super-Higgs mechanism on the gauged AdS§ supergravity side. 

2.2 M = 1 supersymmetric SU (N + M) x SU(N) gauge theory with two flavors 
in bifundamental representations (N + M, N) and (N + M, N) 

The reason why we specialize to N = 1 supersymmetric SU(N + M) x SU (N) gauge theory 
with two flavors in the bifundmental representations (N+M, N) and (N + M, N) of gauge 
group is that its supergravity dual is fully understood, which is the type IIB superstring 
in the space-time background found by Klebanov and Strassler [plf| . We first write down 
the classical action of this supersymmetric gauge theory in superspace, 

2 

+ h.c. 



S = J d A x J d 2 9^2lm [r (i) Tr (w^ a W^ 

+ J d 2 9d 2 9j2 (A ] e^ v(1) ( N+M ^ v ^A 1(2.12) 

where the two flavors Aj and B 3 are chiral superfields in the bifundamental representations 
(N + M,N) and (N + M, N), respectively, 



(A^, = (M m r + 9 (^ Aj ) m r + 9 2 (F A ,r r , 



V / m \ /m \ /m 



1,2, 



1,---,N + M, m = TV. 



(2.13) 



This model also admits a quartic superpotential, W = Ae lfc e J 'Tr (AiBjA^Bi). Since the 
superpotential should have i?-charge 2, this quartic superpotential normalizes the R-charge 
of the chiral superfields to be 1/2. Consequently, their fermionic components have i?-charge 
— 1/2. This model is a vector super symmetric gauge theory. If we consider Aj as quark 
chiral superfields, then B 3 are the corresponding anti-quark chiral superfields. In the Wess- 
Zumino gauge, the two-component form of above action is 



1 r 1 i 

C = — — G^ aitxv Gf v ai + i\^ ai a^ (v M A (i) ) a ' + 

i=i 9 tt) L 4 2 



+ 32vr 2 



+ 



2 

+ v/2i£(-l) i+1 5(i) [^Ag^ -^ A T ai <t>A j -^B^^Bj + ^ B T a ^ B3 ^ ) 



+ E^)(- 1 ) m ^ 



1=1 



1 

+ 2 



where 



Fa 



dcf)Aid(f)Aj 



tpAilpAj + 



dW 



Mb + 2 



d 2 vr 

d<\>Aid$B 



(2.14) 



(V,A w ) ai 

(p^Bj 
{D^tpAj 



( ~ Y 

[D^Bjj 



d^ jr + i gi A^ (T ai ) r S ^ S ~ igiMjr ^ 

d^ jr + i gi A°k (T^) r s <f>%, - ig 2 4> Ajn I 



(rpa 2 \n aci 2 
y 1 ) m /1 (2) At ' 



9 A ~ m^Bm (T a X + i 92 A^ (T-) m " 
d^Blr + i9iA a { ^ (T"V fig. - ig^js (T a2 ) n m A a { ^. 



(2.15) 



The theory has global symmetry SUl(2) x SUr(2) x Ub(1) x Ua(1) at classical level and 
the J7a(1) symmetry becomes anomalous at quantum level. In addition, the theory has a 
chiral Ur(1) R-symmetry which rotates the left- and right-handed components of M = 1 
supercharges. It is this chiral Ur(1) symmetry anomaly that enters the superconformal 
anomaly multiplet. 
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Let us list the supercurrent- and superconformal anomaly multiplets of this field model 
to facilitate the analysis on superconformal anomaly. The supercurrent multiplet (in four- 
component form) is 



i=i 



^ = E|- G 2 aiG( ^+ 



i 



A"*(7„V„ + 7„V M )A a * - (V^A% + VJ't,)^ 
A a 7 p (V p A a ')- (v p A a ') 7 p A a ' 



1 G {i) ai G (i) ai \ p _ 1 



(D[j,4>a) D v <t> A j + {D v <t) A y ] D^Aj 



(^D u + lv D^) ip 3 - j#V^A^' + (D x <f> A y D„<f> Aj + D x <fP B (p x <t> B )\ 



+7f E(-!) m ^) [<^A a< (l - 75)^ - ^'(1 + l 5 )X ai T a ^ Aj 
i=i 

-?(i - 75)A oi r^^ + 4r^r(i + 75)^] - \ E 4) (*S't«^ - ^ B T ai ^ Bj y 

1=1 

+superpotential terms} 
^ = " E ^p7^G« a ^ + - (D»<Pa) ]i 7,(1 + 75)7^ " 2^>B>U " 75 ) 7^ 

+ \lu{l - 75)7^ (C? TJ ) D u <j)Aj - - 75) 7m (C? TJ ) (a^b)* 



1 . 

2 J6 ^ti 



<t, Aj (l + lb )[C^ Tj )+<t?Rl- lb )^ 



+ 



[^.(1 - 75) (c^ Tj ) + 4(1 + 75)^ 



+2V2E(-l) i+1 5«757MA ai 



i=i 



+ superpotential terms; 



1 V - ^ -r-ai . . 1 -7-7 , 2l 

1=1 
2z 



B \ D ^Bj 



D 



&B) <PAj 



+ superpotential terms. 



(2.16) 



In above equation, A a and tp are Majorana and Dirac spinors, respectively, 



\ a 



A« 



■T\J 



(2.17) 



Classically the above conservative currents satisfy 0^ = 7 ^s p = up to the classical 
superpotential terms. At quantum level the superconformal anomaly arises due to the non- 
vanishing /3-functions of two gauge couplings. We first analyze the chiral U B (1) symmetry 
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anomaly. Eq. ( [2.17 ) shows that the chiral current is composed of gluinoes A a % (tpj v " 



T 

it '\ t'->,,i.,i i,, 1 1,,, f;,.,.'i qt'i \" _±_ in ii-,,,,.,, o v n. 

(counting m index in (ipAj)"! and ( ify ) ), which contribute 2iV x (—1/2) = — iV to the 
anomaly coefficient. The gluino A fll is in the adjoint representation of SU (N + M) and 
hence makes the contribution C2[SU(N + M)] = N + M to the anomaly coefficient. So 
for the first gauge field background, the chiral anomaly coefficient is N + M — N = M. 
A similar analysis for the second gauge group SU (N) gives the chiral anomaly coefficient 
—M. Therefore, we obtain the chiral Ur(1) anomaly, 

d^f = -^L (g\G°^ v G a ^ v - g 2 2 Gf v G a2 ^ + classical superpotential part. (2.18) 

To observe how the scale anomaly arises, we first consider the SU{N) x SU(N) gauge 
theory with chiral superfields Aj in (N, N) and B J in (iV, N) representations. This theory 
is a superconformal field theory in the sense that it has IR fixed-points. From the NSVZ 
/3-functions for those two gauge couplings, 

^i) = -^[3^-2^(1-7(5))], 

0(fl£) = S^ [m ~ 2N{1 ~ l{9))] ' (2 - 19) 

we can see that the zero-points of /^-functions arise at the anomalous dimension 7(5) = 
—1/2. However, for the SU(N + M) x SU(N) gauge theory with chiral superfields Aj in 
(N + M, N) and B 3 in (JV, N + M) representations, the IR fixed points are removed since 
now the corresponding /3-functions become 

So the superconformal anomaly should arise near the IR fixed points of the M = case . 
We have the scale anomaly similar to that listed in Eq. (| 

2 



1 L 

+classical superpotential part. (2-21) 



Further, using the beta functions ( 2.20| ) near the IR-fixed points in the M = case, we 
easily find the 7-trace anomaly of supersymmetry current, 

q iy, f 2 

^% = ^2 E(" 1 ) i+1 ^ 2 {~^ V G% + 75^) A* (2.22) 
i=i 

Let us turn to the manifestation of above superconformal anomaly in the quantum 
effective action. We consider the local part of the gauge invariant quantum effective action 
composed only of gauge fields, 

If 2 

TeS = 32^J dH 2Z Im [ S « cffTr (w® a W®)\ + h.c, (2.23) 



where £(i) e ff is given in ( |2.10| ), A similar discussion as the case of Af = 1 supersymmetric 
gauge theory shows that the superconformal anomaly manifest itself as the running of 
gauge couplings gt and the shifts of both CP-angles and the superpartner XU) i n the 
above quantum effective action, 



.(CP) _ „(C1 
P (i)eff - % 



,(CP) _ fl (CP) + (.^i+l^ 



X (i )eff = + (-l) i+1 M. (2.24) 

This ends our discussion on the superconformal anomaly in the M = 1 SU (N+M) x SU(N) 
supersymmetric gauge theory. 

3. Superconformal Anomaly from Brane Dynamics 

In this section we reveal the origin of superconformal anomaly in the brane configuration. 
This will pave the way for us to investigate the supergravity dual of superconformal anomaly 
of supersymmetric gauge theory. 

3.1 Brane configuration for M = 1 supersymmetric SU(N + M) x SU(N) gauge 
theory and K-S solution 

The brane configuration for the J\f = 1 supersymmetric SU(N + M) x SU (N) gauge theory 



has been constructed as the following [12|. One starts from the bulk space-time composed 
of the direct product of a four-dimensional Minkowski space M 4 and a six-dimensional 
conifold Cq whose base is T 1,1 = [SU(2) x SU(2)] /U(l). The isometry group of T ' is 
SU(2) x SU(2) x U(l). Such a target space-time allows not only a stack of N Z)3-branes 
moving freely in the transverse space, but also a stack of M fractional D3-branes fixed 
at the singularity, the apex of Cq. All these D3-branes extend out in M 4 . Topologically 
T ' ~ S 2 x S s , and the fractional D3-branes can be considered as Z)5-branes wrapped 
around two-cycle S 2 . 

The four-dimensional J\f = 1 supersymmetric gauge theory produced from above brane 
configuration can be found by observing the massless spectrum of open string with 4 



Neumann and 6 Dirichlet boundary conditions in M 4 x 12 ] . In the case with no fractional 
D3 branes, it turned out that the resultant field theory on the world volume of D3-brane 
is the M = 1 SU{N) x SU (N) super- Yang-Mills theory coupled with four chiral matter 
superfields, two of which (A{)™ transform as (N,N) and the other two (_B 3 ) r as (N,N) 
under the product gauge group SU (N) x SU (N), i = 1,2, r = 1, • • • , N, m = 1, • • • , N. 
The global symmetry group SUl(2) x SUr(2) x Ur(1) of the gauge theory comes from 
the isometry group of T ' . When M fractional branes are added at the apex of Cq, 
the superconformal symmetry of this field model at the IR fixed points disappears and 
the resultant field theory is SU (N + M) x SU(N) super- Yang-Mills theory coupled with 
chiral superfields (Ai)™ and {B^Y in the bifundmental representations (N + M,N) and 
(N + M, N) of the gauge group. 



On the gravity side, when no fractional D3-branes are present, the three-brane solution 
to type IIB supergravity corresponding to such a brane configuration takes the following 
form [12], 



ds z 
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dSrpX t l 



H^ t2 {r)r] ilv dx l "dx v + H x l 2 (r) (dr 2 + r 2 ds 2 Thl ) , 
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^E 



+ sm 



i=l 
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(5) 



^vra' 2 ^ sin 6>i sin 6> 2 ci/3 A (f6>i A d6 2 A cZ0i A d0 2 , 



(3.1) 



In above solution, g m are one-form bases on T ' , 



a 2 -a 2 



(7! + a 1 



V2 



a 2 + a 2 



V2 



V2 ' 



a 3 + a 3 , 



V2 



(3.2) 



and 



a 1 = sm9\d(j)i, a l = cos 2(5 sin #2 ^2 — sin2/3<i6>2, a 2 =d6\, 

a 2 = sin 2/3 sin 2 #2 + cos2/M> 2 , cr 3 = cos 0i#i, cr 3 = 2<i^ + cos 2 d</> 2 . (3.3) 

All other fields in the solution vanish. Near the horizon limit (r — * 0), this solution yields 
AdS$ x T ' background geometry for type IIB superstring. 

When the D3 branes are switched on, the resultant background is the K-S solution 
to type IIB supergravity [11]. This solution is composed of not only the ten-dimensional 
space-time metric, the self-dual five-form field strength F/ 5 \ , but also the NS-NS- and R-R 
two-forms, B(o\ and C( 2 ), living only on T 1,1 ~ S" 2 x S 3 [11], 

d s 2 10 = h-^ 2 (T)dxl 3 + h 1/2 (T)dsl 

F(5) = ^(5) + ^(5) j F(5) = dx° A dx 1 A dx 2 A dx 3 A dh^ 1 , 



B, 
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{ 9 3 Ag 4 Ag 5 + d [F(t) {g 1 A g 3 + g 2 A g 4 )] } 



(3.4) 



11, 21 



In above equation h(r) is the warp factor, ds^ is the line element on the deformed conifold 

3 K 2 + (9 5 ) 2 ] 



ds 2 = \{l2)^K{r) 



1 



3[K(r) 



Kir) 
f(r) 



+ sinh 2 (I) [(^) 2 + ( 5 2 ) 2 ] + cosh 2 (I) [( 5 3 ) 2 + ( 5 4 ) 2 ] } , 

(sinh 2r — 2r) 1 / 3 sinhr — r 

2V3 S i n hr ' T ' ~ 2 sinhr ' 

r coth r — 1 , . r coth r — 1 , 

-(coshr — 1), k(t) = — . (coshr +1), 



2 sinh r 



h(r) = C(g s M) : 



i2 2/3 
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sinh a; 



2 sinh r 



sinh(2x) — 2x] 



1/3 



(3.5) 



C being a normalization constant. This solution is non-singular since the apex of the 
conifold is resolved by the fractional brane fluxes [11|. 

At large r, the radial coordinate r is related to the radial coordinate r as r 3 ~ 12 1 / 2 e T . 



Consequently, the solution reduces to the Klebanov-Tseytlin (K-T) solution [22 1 
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w 3 = 8tt z 
5 3 
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C (2 ) = Ma'|5w2 (locally). 



(3.6) 



All other fields vanish. Obviously, this solution describes a deformed AdS§ x T ' geometry. 
Eq. ([O]) shows explicitly that there are M units of R-R three-form fluxes passing through 
the 3-cycle S 3 of T 1 ' 1 . 

3.2 Fractional Brane as the Origin for Superconformal Anomaly 



We use the brane probe technique [23| to show that presence of fractional branes in the 
brane configuration is the origin of the superconformal anomaly origin. The low-energy 
dynamics of a stack of Z?p-brane system describes the dynamical behavior of open string 
modes trapped on the world-volume of Dp-branes and their interaction with bulk super- 
gravity. For a single L>-brane, the low-energy effective action consists of the Dirac-Born- 
Infeld action (in Einstein framework) |23] 



Sdbi 



o+l xe (p-3)4>/4 



Vp+i 



■ det [G^ + e"^ 2 (B^ + WF F )] . (3.7) 



and the Wess-Zumino (WZ) term, 
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The former describes the interaction between a Dp-biane and NS-NS fields of type II 
superstring and the later is about the Dp-brane interacting with R-R fields. The parameters 
t p and /j,p are the tension and R-R charge of a Dp-biane, which are actually equal because 
of the BPS-saturation feature of Dp-brane, 

1 

Tp ~ ^ ~ (27r)*>a'(W (3 ' 9) 

As for other fields, Fn V is the strength of U(l) gauge field living on the world- volume of 
Dp-branes; G^ u , B^ u and C^^...^ are the pull-backs often-dimensional bulk metric Gmn-, 
the antisymmetric NS-NS field B( 2 )mn an d R-R fields Cu\---M n to the p + 1-dimensional 
world- volume, 

G^iu = Gmn9^X m d v X N , B^v = B MN d^X M d v X N , 

C m -.^ = C Ml M 2 -M n d^X Ml d^X M - ■ ■ ■ a Mn X M «, n<p+l. (3.10) 

With the DBI action and WZ term, we now demonstrate how the superconformal 
anomaly originates from the D3 fractional branes. First, when the transverse space like 
conifold has singularity, the closed string states consist of both the untwisted and twisted 



sectors [24]. The fractional Dp-branes frozen at the singular point of transverse space are 
identical to the D(p + 2)-branes wrapped on two-cycle C 2 like S 2 and the singular point 
can be considered as a vanishing two-cycle. The fields corresponding to the twisted string 
states emitted by fractional Dp-bv&nes should locate at the singular point of target space- 
time. Thus the twisted fields can always be decomposed into two parts, one part living on 
the p + 1-dimensional world-volume of fractional Dp-brane, and the other on the blow-up 
of the vanishing two-cycle C 2 [|||] , 

Vp+3 = V p+ i(x) x C 2 , B {2) = B(x)uj2, C(p+ 3 ) = C {p+1) {x) Au 2 . (3.11) 

In above equation the twisted scalar field B(x) and the pull-back C w ...- +1 of R-R anti- 
symmetric tensor fields live on the world-volume of Dp-branes. 

Second, we employ the D-brane probe technique to observe the dynamical behavior 
of the supersymmetric gauge theory implied from the D-brane dynamics. The basic idea 
of brane probe technique is the following |23|] . In order to detect the dynamics of a su- 
persymmetric SU (N) gauge theory living on the world-volume of a stack of iV coincident 
Dp-branes, one just places a probe brane of the same type near those coincident branes. 
This brane configuration will yield an SU(N + 1) supersymmetric gauge theory with spon- 
taneous breaking of gauge symmetry SU(N + 1) — » SU(N) x U(l). The justification for 
this is that the coordinates of transverse space are identified as scalar fields on Dp-brane 
world-volume. So when we move one brane some distance from the coincident Dp-bianes, 
this means that the scalar fields get vacuum expectation values. If we consider the Coulomb 
branch of the supersymmetric SU(N + 1) gauge theory, the probe brane decouples from 
those coincident Dp-branes after symmetry breaking. However, according to the decou- 
pling theorem, at the energy scale characterized by the distance of the probe brane away 
from those coincident branes, the coupling of supersymmetric U(l) gauge theory on the 



world-volume of probe brane should equal to the gauge coupling of SU (N) gauge theory 
on the world-volume of those N coincident D-branes. Therefore, the probe brane action 
can provide us the information about the running of gauge coupling and shift of the 6- 
angle of the supersymmetric SU(N) gauge theory living on the world- volume of coincident 
Dp-branes. 

On the other hand, since a stack of N coincident Dp-branes modify the background 
space-time, the probe technique can be considered as a probe brane moving slowly in 
the supergravity background produced by the coincident branes to be probed. Therefore, 
we can use the DBI action and WZ term for the probe brane in the p-brane solution 
background produced by the N coincident Dp-branes to observe the dynamical behavior 
of a p + 1-dimensional SU(N) supersymmetric gauge theory. In this way one can easily get 
the quantum information of a supersymmetric gauge theory defined on the world-volume 
of those coincident Dp-branes. 

Based on the brane probe technique, we substitute the fields in ( [3.11 ) into the DBI 



action ( jO ) and the WZ term (3.8) for a single brane and expand them to the quadratic 
terms of the gauge field strength, 
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+-a Hp 



(FAF)AC (p _ 3 ) ( /_ q 2 )+ /_ B {2) 



c 2 
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'Vp+i \Jc 2 
fi,i> = 0, •••,?>; a,0 = O,---,p,a,b; (3.12) 

where a, b = 1,2 are the indices on the vanishing 2-cycle C 2 - Note that in Eq. ( 3.12[) we 
choose X^=Constant (I = p + 1, • • • , 9), and hence Gjj = 0. Recalling the relation between 
the gauge couplings and string couplings, 

4iTT 0(° P ) , C(, 



9ym 



and choosing p = 3, we can see from Eq. ( |3.12| ) that it is the NS-NS- and R-R two-form 
fluxes f c 5(2) , J c C( 2 ) carried by fractional branes through the shrunken 2-cycle that have 
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created the running of U(l) gauge coupling and the shift of 0-angle. This exactly leads to 
the super confer mal anomaly of the supersymmetric gauge theory on a stack of coincident 
D-branes. Therefore, we conclude that in a brane configuration the fractional branes frozen 
at the singular point of background space-time is the origin of superconformal anomaly of 
a supersymmetric gauge theory. 



4. Manifestation of Superconformal Anomaly on K-S Solution 

4.1 Breaking of U(l) rotational and scale symmetries in transverse space by 
fractional D3-branes 

In the following we focus on the brane configuration with N bulk D3-branes and M frac- 
tional D3-branes in target space-time M 4 x Cq and analyze how the fractional brane affects 
the space-time symmetry of AdS§ x T 1,1 . 

The classical scale symmetry and chiral [/j?(l)-symmetry of the SU(N + M) x SU(M) 
supersymmetric gauge theory living on the world-volume of D3-branes comes from the 
geometrical scale- and rotation transformation invariance of the transverse space, 



fie 



ic V, 4 < I< 10. 



(4.1) 



Now let us observe how the above scale- and SO (2) = U(l) rotation symmetries are 
reflected in the K-S solution. First, in the case with no fractional branes, the near-horizon 
(r — ► 0) limit of the three-brane solution (34) is AdS§ x T ' , 
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27g s 



(4.2) 



This solution shows explicitly that the scale symmetry is trivially present in the transverse 
space part and the U(l) symmetry is reflected in the invariance under the /3-angle rotation, 
(3 — > P + a. Then we switch on fractional branes, the solution (ETa) shows that the 
metric ceases to be AdS§ x T > . The reason for this is that h(r) and Frg\ get logarithmic 
dependence on the radial coordinate, 



h(r) ~ -j 



Ci + C 2 In - 



^5 



N + C 3 In ■ 



[w 2 Aw 3 + *(w 2 Aw 3 )], 



(4.3) 



where the coefficients C{ (i = 1, 2, 3) can be extracted out from the solution (|3.6[) . Further, 
the background fields B^ 2 )mn and C^)mn are generated by the fractional brane fluxes. 



In Ref. [10], it was analyzed that the non-invariance of C(2) under the /3-angle rotation 
leads to the chiral R-symmetry anomaly in N = 1 supersymmetric SU{N + M) x SU(N) 
gauge theory. We make a similar analysis to show that the non-invariance of Br 2 \ under 
scale transformation in transverse space results in the scale anomaly. The B( 2 ) m Eq. 
under the scale transformation r — > \ir transforms as 
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According to the relation between string coupling and gauge couplings of the M = 1 
supersymmetric SU(N + M) x SU(N) gauge theory |ll|, |l2|, 
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^ sr^ris^^j- (4 - 6) 

A comparison between (^4) and ( [4.£| ) shows that the variation of Bi 2 \ under scale trans- 
formation is relevant to /3-functions for the SU(N + M) x SU(N) gauge couplings at the 
IR fixed points of the M = 1 SU(N) x SU(N) supersymmetric gauge theory fTT|], 
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This exactly lead to the scale anomaly coefficients shown in Eq. (2.21) 



(4.7) 



4.2 Supersymmetry Breaking due to Modification on AdS 5 x T 1 ' 1 by Fractional 
Branes 

In this subsection we use the result of Ref. [^] to emphasize how one-half of supersymme- 
tries break in type IIB supergravity due to the modification on space-time background by 
fractional branes. The standard method of investigating supersymmetry breaking produced 
by fractional branes is to check the Killing spinor equations obtained from supersymme- 
try transformations for the fermionic fields of type IIB supergravity in the K-S solution 
background ( |3.4| ) and count the number of Killing spinors. The bosonic field content of 
type IIB supergravity consists of the dilaton field (f>, the metric Gmn and the second-rank 



antisymmetric tensor field B, 



(2)MN 



in the NS-NS sector, the axion field C(o)j the two-form 
potential C^)mn and four- form potential C^mnpq with self-dual field strength in the R-R 
sector. The fermionic fields are left-handed complex Weyl gravitino ^> m and right-handed 
complex Weyl dilatino A, T n ^M = ~^M, T n A = A. The supersymmetry transformations 
for the fermionic fields read [E5j|, 
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(4.8) 



In above equation, the supersymmetry transformation parameter e is a left-handed complex 
Weyl spinor, T 11 e = — e, and other quantities are listed as the following [25, 26], 
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d M e + ^uJ M AB T AB e. 



(4.9) 



To highlight the effects of fractional branes, we first consider the supersymmetry transfor- 
mation in the background without fractional branes, i.e., the background ( |3.1| ) furnished 
by three-brane solution whose near-horizon limit is AdS§ x T ,1 . The supersymmetry 
transformations for the fermionic fields in the AdS§ x T 1,1 background read 



5A = 0, 



^ [9m + \-M AB r AB ) e + ^- Q r^F {5)PQRST T M e = 0. 



(4.10) 



The first equation 5 A = is trivially satisfied in the background ( |4.2| ). The Killing spinor 
equation 6^m = yields |2l}| 



eo, 



^ XQ^ Xl^ X2^- Xo, 1 — 1] 



where eo is an arbitrary constant spinor in ten dimensions but constrained by 

r <?i92 e o = eo, r 9334 e o = -eo- 



(4.11) 



(4.12) 



In Eqs. ( 4.11| ) and ( 4.12 ) the coordinates of AdS& x T 1 ' 1 are used to denote the components 
of T-matrices for clarity. The constraint ( 4.12| ) on eo leads to r siS2 e = e, r 9394 e = — e. 
Therefore, the Killing spinor e has eight independent components. 



The Killing spinor ( f4.11| ) is actually a unified expression for the following two types of 

,1/2 



Killing spinor s [21 



e+ = r 1/2 e +, e_ = r- 1/2 e - + ^-IVs'T^eo 



e 0± = g (1 ± r*) eo, IW = ±e ±. (4.13) 
Eq. ( p^|) shows that e+ is independent of the coordinates on D3-brane world-volume and 



is a right-handed eigenspinor of T*, i.e., T+e + = e + . It thus represents M = 1 Poincare 
supersymmetry in the dual super symmetric gauge theory. Further, e_ depends on x M 
linearly and is not an eigenspinor of i\. So it characterizes M = 1 conformal supersymmetry 
of the dual supersymmetric gauge theory in four dimensions. 

When the M fractional branes are switched on, the space-time background is described 
by the K-S solution ([TJ). The Killing spinor equations for dilatino and gravitino become 

5A = -^F (3)MNP T MNP e = 0, 

Mm = \ (d M + \ <V^ B ) v + ^ r PQRST r M eF i5)PQRST 

+ ^ (r M NPQ F {3)NPQ - 9T NP F {mNP ) e* = 0. (4.14) 

The same procedure with the metric ( |3.4| ) as in the case with no fractional brane leads to 
the following Killing spinor [|21| 



e = /i- 1/8 (r)exp(-|r gi92 )e , (4.15) 

where a is determined by sina = — 1/coshr, cosa = sinhr/coshr. eo is a constant spinor 
constrained by [plf, 



r*eo — _ ^ e o, r gi92 e — — r g3S4 e , r r95 e — — ie . (4.16) 

Hence the Killing spinor e satisfies 

r+e = -ie, T gig2 e = -F g3 g 4 e = i (cosa + sin ar gigs )e, T rg5 e = -ie. (4.17) 

These three constraints determines that e has only four independent components. In par- 
ticular, e is independent of the coordinate on the world-volume of D3-branes. Therefore, 
the four-component Killing spinor e means the only existence of M = 1 Poinare super- 
symmetry in the dual supersymmetric gauge theory. This indicates that the conformal 
supersymmetry in the dual four-dimensional supersymmetric gauge theory collapses due 
to the presence of fractional D3-branes. 

5. Superconformal anomaly as spontaneously breaking of local supersym- 
metry in gauged AdS§ supergravity and super-Higgs Mechanism 

5.1 Generality 

The discussions in last section have shown that in comparison with AdS$ x T ' case, the K- 
S solution background fails to preserve some of local symmetries in type IIB supergravity. 



We choose the K-S solution as a classical vacuum configuration for type IIB supergravity 
and observe the theory around such a background. In the case without fractional branes, 
the near-horizon limit of the three-brane solution is AdS§ x T 1,1 (cf. ( |4,2| )), However, a 
gravitational system has geometrical meaning, expanding ten-dimensional type IIB super- 
gravity around AdS$ xT 1,1 is actually a process of performing spontaneous compactification 
of type IIB supergravity [28, ^9], [30| on T 1,1 . The resultant theory after compactification 
should be N = 2 five-dimensional U(l) gauged AdS§ supergravity coupled with M = 2 
SU(2) x SU (2) Yang-Mills vector multiplets and several Betti tensor supermultiplets, whose 
origin is due to the nontrivial topology of T ' [31|. The local symmetries in J\f = 2 U(l) 
gauged AdS$ supergravity consist of N = 2 supersymmetry, 50(2,4) isometry symmetry 
and U(l) gauge symmetry. 



When fractional branes switch on, the space-time background becomes the K-S solu- 
tion and its UV limit, the K-T solution ( |3.6[ ) is a deformed AdS§ x T ' . Consequently, 
the isometry symmetry of the deformed AdS§ xT' 1 and the supersymmetry it preserves 
is less than that exploited from AdS§ x T > . Therefore, the compactified theory obtained 
from the compactification of type IIB supergravity on the deformed T ' , i.e., a certain 
five-dimensional gauged supergravity, should possess less local symmetries than those ex- 
tracted from AdS 5 x T 1 - 1 . This means that some of local symmetries break spontaneously 
in the gauged AdS§ supergravity since the symmetry loss originates from the vacuum con- 
figuration. Further, as is well known, a physical consequence of spontaneous breaking 
of local symmetry is the occurrence of the Higgs mechanism. To show this phenomenon 
clearly, just like what usually done in gauge theory, we reparametrize the field variable 
and "shift" the vacuum configuration described by the K-T solution back to AdS§ x T 1,1 . 
The essence of this operation is performing local symmetry transformation and transferring 
the non-symmetric feature of vacuum configuration to the classical action. Then when we 
expand type IIB supergravity around AdS§ x T ' with newly defined field variables, the 
action of the five-dimensional gauged supergravity should lose some of local symmetries 
and the graviton multiplet in gauged AdS§ supergravity should acquire a mass by eating 
a Goldstone multiplet relevant to NS-NS- and R-R two-form fields in the K-S solution. 
In this way, we reveal how the super-Higgs mechanism due to the spontaneous breaking 
of local supersymmetry in the gauged AdS§ supergravity occurs. This phenomenon was 
actually somehow noticed in the Kaluza-Klein supergravity |32(| : when the internal mani- 
fold is deformed or squashed, it keeps less symmetries for the compactified theory than the 
undeformed internal manifold. This is the so-called "space invader" scenario and can be 
naturally given an interpretation in terms of spontaneous breaking of local symmetry p2| . 

Based on above analysis, we first consider the case without fractional brane and observe 
type IIB supergravity in AdS$ x T 1 ' 1 background. This will lead to N = 2 U(l) gauged 
AdS$ supergravity coupled to SU (2) x SU(2) Yang-Mills vector multiplets and Betti scalar-, 
vector- and tensor multiplets in which the graviton supermultiple is massless. Then we 
go to the case with fractional branes and see how the graviton multiplet becomes massive 
due to the spontaneous breaking of local supersymmetry in gauged AdS$ supergravity. 



5.2 Type IIB supergravity in AdS§ x T 11 Background and Gauged AdS§ Super- 
gravity 



We first give a brief review on the compactification of type IIB supergravity on T > plf . 
In general, when performing compactification of a certain D-dimensional supergravity on 
AdSo-d x K d , one should first linearize the classical equation of motion of the field function 
<3?(x,y) = ${ J }W(a;,y) in AdSo-d x K d background. In above, K d = G/H is certain d- 
dimensional compact Einstein manifold, x and y are the coordinates on AdSj^^d an d K d , 
respectively; {</} and [A] denote the representations of local Lorenz groups SO(2, D — d— 1) 
and SO(d) realized on the field function. The next step is to expand y-dependent part of 
the field function in terms of //-harmonics on K d , which are representations of the group 
G branched with respect to its subgroup H. If the internal manifold is K d = S d = 
SO(d + l)/SO(d), the maximally symmetric Einstein manifold, the expansion procedure 
works straightforwardly since H is SO(d), which is precisely the local Lorenz group of 
the d-dimensional internal manifold. However, if the internal manifold is a less symmetric 
one, and H is a subgroup of SO(d). Then the field function representations of SO(d) are 
usually reducible with respect to H. Therefore, only those //-harmonics that are identical 
to the SO(d) field function representations branched by H can contribute to the expansion 
of field functions on K d . 

The compactification of type IIB supergravity on T 1 ' 1 is exactly this case. T 1 ' is 
the coset space G/H = [SU(2) x SU(2)]/Ur(1) and the generator of C/h(1) is the sum 
T 3 + T 3 of two diagonal generators T 3 and T 3 of SU(2) x SU(2). The harmonics on T ' 
are representations of SU(2) x SU(2) labeled by the weight {u} = 



Y(y)=([Y^ r \y)] m ). 



(5.1) 



where m = 1, • • • , (2j + 1) x (2/ + 1), which labels the representation of SU (2) x SU(2), and r 
is the quantum number for the U(l) group whose generator is T3 — T3. The representations 
(j, I) are reducible with respect to the subgroup C/h(1) and hence decompose into a direct 
sum of fragments graded by the £/H(l)-charge g,, 



I [ YUM (y)] m qi \ 

[YCjM,r) (y) ] 

\[Y {jM (y)Y:j 



ni 1 

m 
qN 



(5.2) 



The irreducible representations \Y^ d ' r \y)\ m q _ are called C/H(l)-harmonics on T 1,1 . 

On the other hand, the field function ^ J ^'(x,y) on AdS^ x T 1,1 belongs to a certain 
representation of the local Lorentz group 50(2,4) x 50(5), {J}, [A] denoting represen- 
tation wights for 50(2,4) and 50(5), respectively. The £7h(1) is a subgroup of 50(5) 
because the representation of its generator is naturally embedded into the representation 
of 50(5) generators |33|]. The 50(5) representations [A] furnished by [X[ A l(y)] n , the in- 
dependent part of <J>{ J }[ A ] (x, y), are also reducible with respect to J7h(1)) where n labels 



EC 
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the representation of 50(5) in field function space. The field function representation space 
thus decomposes into a direct sum of irreducible subspaces labeled by the C/H(l)-charge q%, 



x [x] (y)Y = (B[x [x] (y) 



( [x^(y) 

[xW(y) 



5=1 



16 



\ 



12 



(5.3) 



The irreducible representations [X^(j/)] 



\[x [x] m n qK j 

in above equation are called the 5*0(5) har- 



monics. The field function admits a natural expansion in terms of SO (5) harmonics. 
Therefore, an C/H-harmonics Y can contribute to the expansion of a field function on T ' 
only when it is identical to (or contains) certain 50(5) harmonics X. A detailed analysis 
on how the SU(2) x SU(2) representations branched with respect to ?7h(1) appear in the 
decomposition of the 50(5) field function representations with respect to £/h(1) is shown 



in Ref. gg. 

Once the expansion of field functions &{ J }^(x,y) in terms of those admissible £/h(1)- 
harmonics on T ' is known. That is [Bill, 



m N 



x,y) \ 
x,y) 

x,y) J 
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(5.4) 



one substitutes it into the linearized equations of motion of type IIB supergravity in AdS§ x 
T ' background, 



(5.5) 

In Eqs. (|5.4[ ) and (|5.5|) , a, b are the indices for the [A]-representation, and K y are the 

kinetic operators of type IIB supergravity on AdS§ and T ' , respectively. There are three 
types kinetic operators Ky in supergravity: the Hodge-de Rahm- and Laplacian operators 
acting on scalar-, vector- and antisymmetric fields, the Dirac and Rarita-Schwinger operator 
acting on the fermionic fields and the Lichnerowicz operator on the symmetric rank-two 
graviton field. All these three types of operators are (or are related to) certain Laplace- 
Beltrami operators on T 1,1 . Thus the action of K y on C/H(l)-harmonics gives pll] 



M 



Ik 



(5.6) 



This equation together with the linearized equation of motion ( p. 5] ) and f/H(l)-harmonic 
expansion Q5.4Q of field functions determines that M^' l ' r ^ are mass matrices for the K-K 



(5.7) 



particle tower ^g^m (#) in AdS§ space, 
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Therefore, the zero modes of the kinetic operator Ky constitute the field content of Af = 2 
U{\) gauged AdS§ supergravity coupled with SU{2) x SU{2) Yang-Mills vector supermul- 
tiplets as well as some Betti tensor multiplets fl3l| . 

We then turn to the explicit form of AdS$ x T ' . As a standard step in Kaluza-Klein 
theory, to perform the compactification on T ' , one should write the metric (3.1) in the 
Kaluza-Klein metric form, 



ds 2 



h' 1/2 (r)r ]flu dx^dx u + h 1/2 )(r)dr 2 



+ h^(ry{±(g 5 -2Ay 



6 



(g r - K ar w a f + Y J \9 S ~ Lbsw 



r=l 



s=3 



(5. 



In Eq. fl5.8|) , K ar and L bs are the components of Killing vectors K a and L b on T 1 ' 1 , and 
they convert into the generators of SU(2) x SU(2) gauge group in the resultant N = 2 
U{\) gauged supergravity coupled with six Yang-Mills vector super multiplets, 



[K ai ,K a2 ] = ie aia2m K a3 , [L bl ,L b2 ] = ie blb2ki L ki ; 



(5.9) 



W a = W a a dx a and W b = W b a dx a are the corresponding six SU(2) gauge fields; A = A a dx a 
is the U(l) gauge field corresponding to the isometric symmetry U(l), and it constitutes 
an ftf = 2 supermultiplets with the graviton h a p and gravitini ip l a , i = 1,2, in the gauged 
AdS$ supergravity. 

As a straightforward consequence of using the K-K metric ( |5.8| ) , the self-dual five- form 
in Eq. (3.1) should be modified to keep its self-duality with respect to the K-K metric fTpf, 
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9s 
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9s 
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(5.11) 



where X = 9 5 ~ ^A, *5 is the five-dimensional Hodge dual operator defined with respect to 
AdS$ metric 



ds 



AdS 5 



2 

g^ldx a dx p = ^rj^dx»dx u + ^-dr 2 , a, /? = 0, 1, • • • , 4. 



(5.12) 
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Obviously, both the K-K metric ( |5.8[) and F$ are gauge invariant under local U(l) gauge 
transformation in gauged AdS§ supergravity, 



(3 -> 13 + <p, A ^ A + dip. 



(5.13) 
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F§ satisfies the Bianchi identity dF§ = 0, which determines A is a massless vector fields in 
AdSs space, i.e., d* 5 dA = 0. 

Finally, we briefly mention how the graviton supermultiplet in the gauged AdS§ su- 
pergravity comes from the compactification of type IIB supergravity on T 1,1 [31]. First, 



h a a(x) is the zero-mode in the scalar ?7H(l)-harmonic expansion of h a p{x,y), which is the 
AdS§ space-time component of ten-dimensional graviton hMN(x,y); A a is the linear com- 
bination of two zero- modes in the vector [/H(l)-harmonic expansion of h aa and C^ aa i, c , 
which are the crossing components on AdS$ and T 1 ' 1 of the graviton hMN(x,y) and the 
R-R four form potential C^mnpq{ x -,u)i respectively; ip a comes from the massless mode 
in the spinor C/H(l)-harmonics expansion of ijj a , which is the AdS$ component of ten- 
dimensional gravitino ipM [31|. The quadratic action for the graviton supermultiplet of 
J\f = 2 U{\) gauged AdS§ supergravity can be straightforwardly extracted out from the 
compactification of type IIB supergravity on AdS§ x T 1,1 , 

S = ±J Sx^ g {-\r - ^^Dp^ - %F^F a p - ^ + • • •) • (5-14) 

It shows that the graviton multiplet (A a , ijj l a , h a p) is massless. 

Now we come to the stage of revealing the dual of superconformal anomaly in the M = 1 
SU(N + M) x SU(N) supersymmetric gauge theory with two flavors in the bifundmental 
representation of gauge group. 

5.3 Dual of Chiral C/ft(l)-symmetry anomaly d^j^ 

In the following we review briefly how the dual of chiral ?7r(1) anomaly of M = 1 SU{N + 



M) x SU(N) gauge theory was found in Ref. [1C] from type IIB supergravity in the K-S 
solution background. 

When there is no fractional brane, the K-K metric and the five-form field shown in 
Eqs. ( |5.8[) and ( 5.10| ) are U(l) gauge invariant after the compactification on T 1 ' 1 is per- 



formed. The graviton multiplet of gauged AdS§ supergravity is massless. When fractional 



branes are present, both the K-K metric (|5.8|) and the five-form potential ( 5.10 ) get de- 
formed, but they still keep invariant under U(l) gauge transformation. However, Eq. ( fO| ) 
shows that the field strength F($\ of R-R two-form C{2) arises in the background solution. 
Since Fr 3 \ depends linearly on the angle (3, 

Ma' Ma' 5 Ma' s . , 2 3 4 , , . 

^(3) = ^-^3 = —9 5 A Ld2 = —g 5 A [g l A g + g A g A ) , (5.15) 

it is not invariant under the rotation of (3. As what usually done in dealing with the 
spontaneous breaking of gauge symmetry, we shift Frg) as 

^(3) = ^~{9 5 + 2d a 6dx a ) A u 2 . (5.16) 



by introducing a new field, 



/ C 2 , (5.17) 

Js 2 



F 

Is 2 



where F is a field function in ten dimensions. The shifted Fr$\ is obviously invariant under 
the gauge transformation 



^/3 + ip, 



tp. 



(5.18) 



Further, Fr 3 \ can be re-expressed in terms of a gauge invariant X = 9 5 ~ 2A and a newly 
defined vector field W a , 



F 3 



Ma' 



(X + 2W a dx a ) A oj 2 = Ff + Ma'W a dx a A cu 2 ; 



(5.19) 



The vector field W a and the U(l) gauge field A a have the same field strength F a p, but 
W a has got a longitudinal component. We then consider type IIB supergravity in the 
symmetric vacuum configuration furnished by the K-K metric ( |5.8[ ), the self-dual five- form 
( |5.10D and R-R three- form field strength F3 defined in ( |5.19|) . The Einstein-Hilbert- and 



the R-R three- form terms in the classical action of type IIB supergravity, gives [10| 
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. (5.20) 



This ten-dimensional action implies that the U(l) gauge field in gauged AdS§ supergravity, 
which comes from the compactification of type IIB supergravity on T ' , obtain a mass 
proportional to the fluxes carried by fractional branes. This phenomenon is exactly the 
Higgs effect in the following sense: when fractional branes are present, the classical vacuum 
configuration is £7(1) symmetric. After the classical solution is modified to make it gauge 
invariant, the classical action of gauged AdS$ supergravity around the symmetric vacuum 
configuration should lose gauge symmetry and the U(l) gauge field acquires a mass. 

5.4 Dual of Scale Anomaly 6^ 

In this subsection we investigate the gravity dual of scale anomaly in a similar way as 
looking for the dual of chiral anomaly. It should also correspond to a certain Higgs effect 
in gauged AdS§ supergravity since it shares a supermultiplet with the chiral i?-symmetry 
anomaly on the field theory side. We first analyze on gravity side which local symmetry 
corresponding to the scale symmetry on field theory side becomes broken in K-S solution. 
Obviously, this local symmetry is not directly related to the isometry symmetry of internal 
manifold T ' . It should lie in the diffeomorphism symmetry of AdS$ space. The argu- 



ment for this statement is implied from Ref. [34|, where it was shown that near the AdS^ 
boundary the diffeomorphism symmetry of AdS§ metric decomposes into a combination 
of four-dimensional diffeomorphism symmetry and Weyl symmetry. The AdS/CFT cor- 
respondence at supergravity level tells us that the four-dimensional diffeomorphism- and 
Weyl symmetries are equivalent to the conservation and tracelessness of energy-momentum 



tensor in the dual four-dimensional supersymmetric gauge theory |35|]. This suggests that 
we should observe how the diffeomorphism symmetry of AdSs space is spoiled by fractional 
branes to look for the dual of scale anomaly. 

As discussing chiral anomaly, we first observe the case without fractional branes. Since 
we care about how the graviton is affected by the breaking of diffeormorphism symmetry 
of AdS§ space, so only the Einstein-Hilbert- and the self-dual five-form terms in type IIB 
super gravity are selected out, 
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Making the expansion 



Gmn = @mn + llMN, 
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we obtain the quadratic action for the graviton of type IIB supergravity in the AdS$ x T 1 ' 1 
background, 
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The use of following identity is made in deriving above quadratic action, 



[V M , V P ] hg = R MPN Q h£ - R MP h 



N 



(5.23) 



(5.24) 



We then perform the compactification of the quadratic action ( |5.23| ) on T 1,1 . With 
gauge-fixing conditions D^h^ a = D^h^ = 0, the expansion of h,MN(x,y) in terms of the 
[/H(l)-harmonics on T 1,1 is the following |3l[] , 



hMN{x,y) = (h a p(x,y),h a ^(x,y),h^ £ (x,y)) 
h a ,(x,y)=Y J h i S r) (x)Y^ r \y), 



h ai {x,y) = Y J A i i^'\x)Y^\y) = £ £ A^(x)Y^\y), 
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(5.25) 



where is the 50(5) covariant derivative on T > . The compactification on T 1 ' 1 formally 
leads to the quadratic action for the graviton in = 2 £7(1) gauged AdS$ supergravity, 



+^v Q / i (v a h - \v p h a ^j - (h^h aP + h 2 ^ + ■ ■ 

The graviton h a p(x) is the fluctuation around the metric of AdS$ space ( |5.12j ), 
ds 2 = g a /3dx a dx /3 = g^l + h a p(x) dx a dx 13 . 



(5.26) 



(5.27) 



The SO(2,4) diffeomorphism invariance means the following infinitesimal gauge symmetry 
for the graviton in AdS^ space, 



8Kp = v^i P + vfi a , 



(5.28) 



where the covariant derivative vi°^ is defined with respect to the metric gffl of AdS$ space. 
Near the AdS$ boundary, £ Q = (£/i,£r)) the above bulk diffeomorphism transformation 
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( 5.28 ) decomposes into four-dimensional diffeormorphism- and Weyl transformations, £^ 
and £ r playing the roles of transformation parameters, respectively [34]. The action ( 5.26| ) 
determines the equation of motion for the graviton in AdS*, space , 



E aP = - (V 7 V 7 /i Q/3 - V Q V 7 /i 7 /3 - V/jV 7 /» A a + V a Vf3h^ 

+ y§i (v 7 V,tf* - VV y h) - ^ (h aP + ±g<®h\ = 0. (5.29) 

Due to the gauge symmetry Q5.28| ), h a p contain non-physical modes and the physical 
ones should be the traceless and transverse part of h a p. Eq. ( 5.29| ) leads to the iden- 



tity, ^7pE a P = 0. This identity and the gauge- fixing condition vi^/i ^ = fixes the 
physical degrees of freedom of the AdS$ graviton. 

When fractional D3-branes switch on, the AdS^ x T jl background get deformed by 
R-R- and NS-NS three- form fluxes carried by fractional branes. The isometric symmetry 
of the deformed AdS§ x T ' reduces. So the compactified theory obtained from the action 
(5.23) in the deformed AdS§ x T ' background should suffer from the spontaneous sym- 



metry breaking from 50(2,4) to .SO (1,4) and present the consequent Higgs effect. In the 
following we demonstrate how this Higgs mechanism occurs. 

The action of type IIB supergravity composed of the self-dual five-form F^ , the NS-NS 
two-form Br 2 \ and the Einstein-Hilbert part is 
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Note that for simplicity of discussion we do not consider terms relevant to the R-R three- 
form. The Einstein equation from this classical action is 
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~ 96 ( 5 > tfP « M 

+ 4 (- ff ( 3 ) Mp Q^(3)A^ Q ~~ ^ g mnH(^ P q R H^ pqb ~ \ . (5.31) 



This equation shows that without three-form field strength H^pqp, the self-dual five-form 
flux leads to the three-brane solution (|3.1| ) whose near-horizon limit is AdS^ x T > if the 
flat limit is M 4 x C e g7|], while the presence of NS-NS three-form flux makes a deformation 
on ASdS§ x T 1,1 and leads to a less symmetric vacuum background. According to the 
basic idea of the Higgs mechanism, we should make the vacuum configuration symmetric 
by performing a gauge transformation which re-parametrises the field variable. This can 
be done by shifting the Ricci curvature and absorbing the three-form flux contribution into 
it, 



R = R - 2 x 3\ H ( 3 ) MNpH (3) INP - (5.32) 



Consequently, the above Einstein equation becomes the one with only five-form fluxes as 
source, 

RMN = RMN - J {^Ci)MPQH^j^ Q - —G MN H^pqrH^ 1 ^ 

= ^F {5)M p QRS F {5)N PQRS . (5.33) 

It gives the three-brane solution ( |3.1| ), the symmetric vacuum background. Eq. ( |5.33| ) im- 
plies that there exists following connection between deformed and undeformed Riemannian 
curvatures, 

Rkmln = Rkmln - t h (S)KMqH^ l1 ^ 

' ' (5-34) 
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We expand the gravitational field around the symmetric AdS$ x T ,x vacuum config- 
uration. However, just like the Higgs phenomenon in gauge theory, Hmn must undergo 
a gauge transformation, which can make Hmn pick up a longitudinal component and be- 
come massive. This is, the following operation should be made on background metrics and 
graviton fields, 

GmN = Gm N + tlMN = G'mjv + ^MN, (5.35) 

where G^ N and G^ N denote the symmetric and deformed AdS§ x T 1,1 metrics, respec- 
tively, and Iimn and Hmn are graviton fluctuations around these two space-time back- 
grounds, respectively. 

The above discussion is a qualitative analysis in ten dimensions. In the following we 
use the K-T solution to find the explicit shift and make the Higgs phenomenon more clear. 
According to the K-T solution (pT 
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This deformed AdS§ background shows that it is the logarithmic dependence on the radial 
coordinate that breaks the Weyl symmetry corresponding to scale symmetry on field theory 
side. Consequently, the SO(2, 4) isometry symmetry of AdS^ space breaks to SO(l,4). 
We restore the deformed AdS§ vacuum background back to AdS§. The (a(3) component 



of Eqs. (5.33) and the explicit form of NS-NS two-form B^) given in ( |3.6[ ) determine that 



there should exist 

9 { al = 9® ~ V «B P - VpB a . (5.37) 

In above equation, B a is a vector field originating from NS-NS two-form field Bm) in the 
K-S solution, 



B a = d a 



G I -B(2) 
s 2 



(5.38) 



where G is a certain function in ten dimensions. Since the deformed AdS§ vacuum config- 
uration transforms as 



5o (0) 
°9 a /3 



(5.39) 



the shifted background metric g^l is invariant under the diffeomorphism transformation, 



5x c 



5B r 



sen 



(5.40) 



Therefore, the AdSs space-time background is re-gained and SO(2, 4) symmetry is recov- 
ered. A straightforward argument for this vacuum configuration restoration is that B a 
provides a cancelation to the non-symmetric part since B a also has ln(r/ro) dependence. 
From Eqs. (|o3^ ) and ( pT3~7| ), the graviton in the symmetric AdS§ background should 

be 



Kp = h a3 + V^B B + V^B : 



la/3 







(5.41) 



This shows that the graviton undergoes a gauge transformation from which it picks up a 
longitudinal component and B a plays the role of a Goldstone vector field |38|| . 

Based on above analysis, we expand the classical action ( |5.30| ) to the second order 
of graviton Hmn around the symmetric AdS^ background. Further, all of other fields 
such as -B(2) must be replaced by their £0(2,4) transformed versions if they lie in certain 
non-trivial representations of SO(2,4). The quadratic action of type IIB supergravity 
in deformed AdS§ x T ' background can be recast into the one around the symmetric 
AdSa x T ' vacuum configuration, 
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The last term is the celebrated Pauli-Fierz mass term for type IIB graviton ]39| |. 

Further, performing compactification on T ' and taking into account only zero modes 
in the K-K spectrum, we obtain the massive AdS§ graviton due to the spontaneous breaking 
of local 50(2,4) symmetry to 50(1,4), 
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1 2 fT a ^T T 2 
--m \h h a/ 3 - h 

The mass m can be evaluated by integrating over the internal manifold T 



1.1 



(5.43) 



5.5 Dual of 7-trace Anomaly 7«s** for Supersymmetry Current 

Finally we tackle the last member in the superconformal anomaly multiplet, the dual of 
7-trace anomaly j^s^ of supersymmetry current s^. As discussed in Sect.|], the breaking 
of super- Weyl symmetry by fractional branes is revealed by the Killing spinor equation 
obtained from the supersymmetry transformation on the graviton VP^f and dilatino A in 
the K-S solution background. The Killing spinor equations in the symmetric and deformed 
AdSa x T 1 ' 1 background are listed in Eq. ( 4.10| ) and Eq. ( 4.14D , respectively. We employ the 
same idea as looking for the dual of scale anomaly to uncover the dual of 7-trace anomaly. 
That is, we should shift A and ^ m so that the Killing spinor equation ( [4.14 ) in deformed 
AdS^ x T ' background recovers the form of Eq. ( |4.10| ), the Killing spinor equation in 
symmetric AdS§ x T ' background. 

A comparison between ( |4.10| ) and (4.14) shows that we should introduce a complex 
right-handed Weyl spinor T and make shift, 



A' = A — 4*T, *' M = * M - T M T. 



(5.44) 



Using the property of T-matrix in ten dimensions, 

^M l M 2 --M n = r [Ml r M2 • • • r Mn] = — y^(-i) 



Sp-i 



dp 



r 



a P(n) ' 



^M 1 M 2 ---M n N — TM 1 M 2 --M n TN — nT[ MlM2 ... Mn _ 1 GM n ]N, 
^NM 1 M 2 -M n = ^N^M 1 M 2 -M n ~ n G n[mJ^ M 1 M 2 -M n ] , 

we find that T should be assigned to the supersymmetry transformation 



1 

gg \ F (3)MNP + iH(3)MNP, 



(5.45) 



(5.46) 



so that ( 4.10| ) can be reproduced from ( 4.14j) (up to the linear term in fermionic fields and 
to the first order in the gravitational coupling kio). After the compactification, T will 
yield a Goldstone fermion needed for a super-Higgs mechanism, which should arise since 
the NS-NS- and R-R three-form fluxes breaks one-half of local supersymmetries. Eq. ( 5.4C| ) 
implies that the supersymmetric transformation for the compactified T is proportional to 
the transformation parameter with the proportionality coefficient given by the three-form 
fluxes passing through S s . This is a typical feature of the Goldstone fermion 4Cj. 
We focus on the quadratic gravitino action of type IIB supergravity, 
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From Eq. (4.2), when the fractional D3-branes are absent, the space-time background is 
AdSa x T 1 ' with the self-dual five-form field strength, 

.3 L 4 



Fx x 1 x 2 x 3 r — ^ 4 , -^9192939495 ~~ ' (5.48) 

In the following we perform the compactification of fermionic action ( |5.47 ) on T ' . 



With the T-matrix representations listed in Appendix, \&M) A and the supersymmetry 
transformation parameter e decompose as the following, 



A(x,y) 
e(x,y) 
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X(x,y) (8 











/ i> a (x,y) 

- 

v , 

v A(x,y) y 

)• 
' ), 



(5.49) 



where ^£> A, ? and x are the 16-component Weyl spinor in ten dimensions. We 
then expand these field functions and the supersymmetry transformation parameter in the 
four-component SO(5) spinor harmonics, which further decompose into one-dimensional 
f/H(l)-harmonics on T 1 ' 1 ]3l{j, that is, 



j,l,r 



( \p^- l \x)Y^ r - X \y)\ 
<P [ i W \x)Y^\y) 
^ M {x)Y^ r \y) 
\ ^ T \x)Y^\y) j 



(5.50) 



t/j^(x,y), A(x,y), e(x,y) and x{x,y) admit the same expansion in terms of the C/h(1)- 
harmonics on T 1,1 . Note that ipa' l ' r \x), A^' l ' r \x), and e^' l ' r \x) are four-component 
spinors on AdS^; E,V> l > r >(y) are the four-component SO(5) spinor harmonics on T 1 ' 1 , and 
Yq*'' (y) are f/H(l)-harmonics carrying C/H(l)-charge q. 

We substitute the chiral decomposition fl5,49| ) and the C/H(l)-harmonic expansions for 



^/q, and A into the quadratic action (5.47) and consider only zero modes of their kinetic 
operators defined on T 1,1 . Further, integrating over T ' we obtain the quadratic action 
for the graviton of the gauged AdS§ supergravity, 
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(5.51) 



The second term in Eq. ( 5.51 ) is required by supersymmetry to accompany the cosmological 
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term in AdS§ space [41]; tp l a is the SU(2) symplectic Majorana spinor and the index i = 1, 2 
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labels two gravitini with [/(l)-charge r = ±1, which arise automatically when performing 
compactification on T ' |3l[| . 

On the other hand, the fractional D3 branes deform the AdS^ x T 1 ' background. The 
gravitino action ( |5.47 ) can be expressed in terms of either ^m, A in deformed AdS§ x T ' 
background or the shifted fields ^f' M and A' in the symmetric AdS§ x T > background. We 
start from the second term of ( 5.47j ) in the deformed AdS§ x T > background and re-write 
it in terms of shifted fermionic field variables ( |5.44 ) in the AdS§ x T ' background. Up to 
the leading order of k±q we have 
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where the following operation is performed, 

= 5g aai T ai -5g aa 'T ai =0, 



F — f) 



Further, the explicit T-matrix representation listed in ( |A.1| ) and ( |A.2| ) gives 
r ai-cxB = _ ie «i-°5 l4 ,g l4 ,g ^ r ei-& = _ e £x-& l4 (g, l4 (g, ff 



(5.53) 
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(5.54) 



Substituting ( 5.54| ) and the Weyl spinor representations ( 5,49| ) into ( |5.52| ), we reduce 
•Sgravitino to the form expressed in the ten-dimensional Weyl spinors, 
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(5.55) 



In above derivation we have used (5.48) 
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(5.56) 



Eq. ( 5.55| ) presents the typical feature of super-Higgs effects in supergravity [ 40 1 with 
X playing the role of a Goldstone fermion. Substituting the C/H(l)-harmonic expansions 
( |5.50 ) for ip a and x in t° ( 5.55 ), taking into account only zero modes, and further integrating 
over the internal manifold T ' , we obtain 



3 1 



S gra vitino = J d 5 x^J-gW ^—- +m j ^«7^ " W«rXi + 20x J xO( 5 - 57 ) 

Finally, with a shift ^ = ijA — 7^%*, an elegant result appears 

3 1 
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(5.58) 



The first term with coefficient proportional to l/(Lg s ) in ( |5.58j ) accompanies the cosmolog- 
ical constant term, which is required by the Poincare supersymmetry [41|; the second one 
is the mass term for the gravitino in five-dimensional gauged supergravity. This mass is 
generated by super-Higgs mechanism and is proportional to fluxes M carried by fractional 
branes, which can be seen clearly from Eq. ( [5.55 ). 



5.6 Goldstone Hypermultiplet in AdS§ Space 

We have shown that the superconformal anomaly multiplet of an M = 1 SU(N + M) x 
SU(N) supersymmetric gauge theory in four dimensions is dual to the spontaneous break- 
ing of local supersymmetry and the consequent super-Higgs mechanism in J\f = 2 U(l) 
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gauged AdSs supergravity, through which the N = 2 graviton supermultiplet {h a p,il) l a ,A a ) 
becomes massive. A crucial ingredient in implementing this super-Higgs mechanism is 
the Goldstone fields 9, B a and T in ten dimensions, which are defined in Eqs. ( 5.17] ), 



(5.38), (5.44) and ( 5.46j ), respectively. Since the superconformal anomaly in an M = 1 



four-dimensional super symmetric gauge theory is an J\f = 1 chiral supermultiplet [17], so 
according to the AdS/CFT correspondence conjecture |l|, ^, ||, 9, B a and T should consti- 
tute a supermultiplet. Specifically, the holographic version on AdS/CFT correspondence 
at supergravity level || [§ requires that after the compactification on T 1 ' 1 9, B a and T 
should form an J\f = 2 Goldstone supermultiplet (hypermultiplet) in AdS§ space and its 
AdS§ boundary value should be an M = 1 chiral supermultiplet in four dimensions. In the 
following we verify this fact. 

As a first step, we start from the supersymmetric transformations for B^mn an d 



F(S)MNP 



$G(g) MNP — 3d[ M 5A( 2 )NP] — & [F(3)MNP + iH(3)MNp] 
= 3d[ M 5C(2)NP] + 3id[ M 5B( 2 )NP] 

= 3d [M (eF NP] A) - 12id [M (e*r N * P] ) . (5.59) 

This shows that locally there should exist 

5A (2)NP = SC {2)NP + i5B {2)NP = eT NP A - 2ie* (T N ^ P - T P ty N ) . (5.60) 

When we restore the deformed AdS§ x T 1,1 back to the symmetric AdS§ x T 1,1 vacuum 
background, the fermionic fields \I> m and A are reparametrized as in ( |5.44 ), the supersym- 
metric transformation for shifted ^4(2)jvp becomes 

&A(2)NP = $C(2)NP +i&B{2)NP 

= eV NP (X - 4iT) - 2ie* [T N (f P - T P T) - T P (*jv - I>T)] 

= eT NP X - 2it (T N ty P - T P ty N ) -4i(e- f) T NP T. (5.61) 



This leads to the supersymmetric transformation involving the Goldstone spinor T, 

l (2)NP 



5A SwP = " 4 * ( S " ^) ^ T = 4 ( Im ^) r ^ T ' ( 5 - 62 ) 



where we use A^ Np to represent the parts of shifted B( 2 )mn an d C( 2 )mjv whose super- 
symmetric transformations depend only on T. 



We turn to the supersymmetric transformation ( 5.46 ) for T 
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where the following T-matrix relation is employed, 
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Eqs. ( |5.62| ) and ( 5.63; ) show that A^ Np and T constitute a supermultiplet in ten dimen- 
sions since their supersymmetric transformations form a closed algebra. 

Further, from the definitions ( |5.17j ) and ( |5.41 ) on the Goldstone bosons, 
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we choose F = G and define a new complex scalar field in ten dimensions, 
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(5.66) 



It should be emphasized that the choice F = G is always possible since in ( p7|) and 
( 5.41 ) F and G are introduced as arbitrary field functions in ten dimensions. Actually, 
the requirement that the Goldstone fields should constitute a supermultiplet imposes this 
choice. Furthermore, since in the K-S solution both Cr 2 \ and Br 2 \ are proportional to 
u) 2 = (g 1 A g 2 + g 3 A g 4 ) /2, the complex scalar field <fi defined in ( 5.66| ) actually contains 
two complex (four real) scalar fields, 
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(5.67) 



Consequently, the supersymmetric transformations (5.62) and (5.63) for the Goldstone 
multiplet (A(£) Np ,Y) take the following form, 

7.2 



5<p = 4 (Ime) T gig2 T, 6f = 4 (Ime) r g394 T, 

= -^r M [{d M 4> 1 ) T gig2 + {d M f) r g394 ] e, 



T = 
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S 2 



(5.68) 



Recall that T and its supersymmetric transformation (|5.46j ) are introduced to counter 
the supersymmetric transformation in the K-S solution background so that the Killing 
spinor equation (4.14) can recover to the Killing spinor equation ( |4.1C| ) in AdS^ x T ' 
background. Therefore, the supersymmetry transformation parameter e in ( |5.62| ), ( ]5.63j ) 
and ( 5.68 ) should satisfy the constraint equations ( f4.17| ). Because we use the UV (large-T) 
limit of the K-S solution, i.e., the K-T solution, Eq. ( |4.17| ) gives 
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So the supersymmetric transformation ( |5.68 ) of the Goldstone multiplet reduces to an 
elegant form, 
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Substituting the chiral decomposition of T and e listed in ( 5,49 ) into ( |5 . 7Q| ) and using 
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e(x,y). 
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The following task is performing compactification on T ' and reducing above super- 
symmetric transformations to AdS$ space. We expand <ff{x,y) (p = 1,2), xi x iV) an d 
e(x,y) in terms of the scalar- and spinor t/#(l) harmonics as shown in ( |5. 50 ), and substi- 
tute the expansions into Eq. (5.72). Taking into account only zero modes in the expansions 
and comparing both sides of Eq. ( p. 72 ), we obtain 

^ = ~ifi j l a d a ^Vi- (5-73) 
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In ( [5.73 ), (jp, \ % an d if are the scalar fields, fermionic fields and M = 2 supersymmetry 
transformation parameters in five dimensions obtained from the compactification of c/jP, x 
and e", respectively; i,j = 1, 2 are the indices labeling fermions with opposite [/(l)-charges 
r = ±1, which arise naturally in performing the compactification of fermionic fields on 
T 1 ' 1 , fp j = 5 ij Ni p (p is not summed); N vA are defined as the following: N u = N 21 = 1 
-1; f» is related to ff as the following, ft. = ^6 ik 6jiff. Eq. §7^) 



and N 



12 



22 



is exactly the supersymmetry transformation for N = 2 hypermultiplet in five-dimensions 

We should further take the hypermultiplet (</> p ,x*) to the boundary of AdS§ space. In 
principle, we can take a similar procedure as in Ref. |42j| , where on-shell fields in gauged 
AdS p +i supergravity can reduce to the off-shell fields of p-dimensional conformal super- 
gravity on AdSp+i boundary. However, in the case at hand the equations of motion for 
(jjP and x % are n °t clear. We naively take them on the boundary of AdS§ space and as- 
sume rudely that Eq. ( |5.73j ) should lead to the supersymmetry transformations for M = 1 
chiral supermultiplet in four dimensions. This feature corresponds to the superconformal 
anomaly in a four-dimensional M = 1 supersymmetric gauge theory. 
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6. Summary 

We have investigated the supergravity dual description to the superconformal anomaly of 
a four-dimensional supersymmetric gauge theory. We make use of two distinct properties 
of L>-brane in type II superstring theory: On one hand, in the weak coupling case, it 
behaves as a dynamical and geometric object with open strings ending on it. Thus a 
supersymmetric gauge theory on the world-volume of a stack of coincident D-branes can 
be constructed by an appropriate construction on brane configuration, and hence all the 
quantum phenomena of a gauge theory can be extracted out from D-brane dynamics; On 
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the other hand, a .D-brane is charged with respect to the R-R string states and hence a 
stack of D-branes modify the space-time background of type II superstring theory This 
type of effect of L>-branes make them behave as the brane solution to type II supergravity 
in a strongly coupled type II superstring theory. We specialize to J\f = 1 SU(N + M) x 
SU{N) Yang-Mills theory with two matter fields in the bifundamental representations 
(TV + M, N) and (N + M, N) of gauge groups and a quartic superpotential. The brane 
configuration producing this supersymmetric gauge theory consists of N bulk Z)3-branes 
and M fractional D3-branes in the singular target space-time M x Cq. The fractional 
branes are fixed at the apex of the conifold C 6 whose base is the five-dimensional Einstein 
manifold T 1,1 ~ S 2 x S 3 . On the other hand, the space-time background arising from 
the brane configuration is the celebrated Klebanov-Strassler solution. It is a non-singular 
solution to type IIB supergravity and its UV limit can be considered a deformed AdS§ xT 1,1 . 
We start from the field theory result on superconformal anomaly and track its origin to 
the .D-brane configuration. We realize that the fractional branes frozen are the origin 
for superconformal anomaly: When fractional branes are absent, the field theory is an 
M = 1 SU(N) x SU (N) supersymmetric gauge theory with two flavors in the bifundamental 
representation (TV, N) and (N, N), which is a superconformal quantum gauge theory at the 
IR fixed point of its renormalization group flow; While when fractional branes switch on, 
the field theory becomes an N = 1 SU (N + M) x SU (N) supersymmetric gauge theory 
with two flavors in the bifundmental representation (N + M, N) and (N + M, N), which 
ceases to be a superconformal theory. Then we go to the strongly coupled side of type 
II superstring and make use of the gravitational feature of D-branes. We find that the 
effect of the fractional L>3-branes is to deform AdS§ x T 1,1 space-time: Without fractional 
branes the near-horizon limit of three-brane solution yielded from above brane configuration 
is AdS§ x T 1 ' 1 ; While with the fractional branes present, the corresponding three-brane 
solution transits to the K-S solution. We choose the (UV limit of) K-S solution as a 
vacuum configuration for type IIB supergravity. Due to the geometric meaning of a gravity 
theory, the spontaneous compactification on the deformed T 1 ' 1 takes place. Since in the 
Kaluza-Klein compactification, the isometry symmetry of the background space-time and 
the supersymmetry it preserves convert into local symmetries for the compactified theory, 
so the type IIB supergravity in the AdS$ x T 1,1 background should lead to M = 2 U(l) 
gauged AdS§ supergravity coupled with SU (2) x SU(2) Yang-Mills vector multiplets and 
some Betti multiplets. While in the K-S solution background the type IIB supergravity 
should yield a gauged AdS$ supergravity with local symmetry breaking since the deformed 
AdS?, x T 1 ' 1 is less symmetric. The broken symmetries include the U(l) gauge symmetry, 
M = 1 conformal supersymmetry and part of diffeomorphism symmetry of AdS$ space. 
Further, the spontaneous breaking of local symmetry triggers the Higgs mechanism. We 
work out the super-Higgs effect corresponding to the spontaneous breaking of the above 
local symmetries and show that the Goldstone fields come from the NS-NS- and R-R two- 
form fields relevant to fractional branes. Finally, we verify that the Goldstone fields, which 
is a key ingredient in implementing the super-Higgs mechanism, do constitute an M = 2 
hypermultiplet in AdS$ space and further we argue that it may lead to an J\f = 1 chiral 
supermultiplet on the boundary of AdS^ space. Since the superconformal anomaly of a 



four-dimensional super symmetric gauge theory is a chiral supermultiplet, this verification 
coincides with the prediction from gauge/gravity duality. 

The presence of fractional D3-branes is the common origin for the superconformal 
anomaly of the supersymmetric gauge theory and the spontaneous breaking of local sym- 
metries in N = 2 U(l) gauged AdS§ supergravity. Therefore, we conclude that a dual 
correspondence between the superconformal anomaly on the field theory side and the super- 
Higgs mechanism on the gravity should be established. 
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A. T-matrix in ten dimensions 

We choose following explicit representation for T-matrices T A in ten dimensions [31, [29f 



T A = e A M T M , r a = 7 a 14 a 1 , T m = 1 4 r m (-a 2 ), (A.l) 



where M = are Riemannian indices in ten dimensions, A = (a,m) are local Lorentz 

indices, a, a = 0, • • • , 4, m, £ = 5, • • • , 9; j a and r m are the Dirac matrices in AdS$ space 

M 



and T 1 ' 1 , respectively; e A M are vielbein in ten dimensions, 



{T A ,T B } = 2r] AB , |r a ,r 6 } = 2 V ab , {r m ,r n } = 25 mn , 

7° = -70 = .V ® 1 2 = i ( I l * J , y = a* = ( _^ ^ J , 

7 4 = 74 = s 7 y 7 2 7 3 = a 3 ®l 2 =| ^ V i = 1,2,3, 

T 5 =T 5 = i 70 , T 6 = T 6 = 71, T 7 = T 7 = 72, T 8 = T 8 = 73, T 9 = T 9 = 74. 

G M N = r]ABe A M e B N , t\ab = diag(-l, 1, • • • , 1) (A. 2) 

The above choice on T-matrices determine the ten-dimensional 75-analogue, 

r ii = r 11 = r r 1 ...r 9 = i4®i4®a 3 = | ^ ? V (a.3) 
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